Real Analysis qualification exam

Note: all statements require proofs. You can make references to standard theorems from the
course, but you need to specify which exact standard fact you are referring to.

1.

Let E C [0, 1]* be a Lebesgue measurable subset of positive measure. Show that there
exist z,y € B, x # y, such that z — y € Q2.

. Let (X, B, ) be a measure space with u(X) < 400, and f,: X — [0, +00) be measur-

able functions. Show that f, — 0 in measure if and only if
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Is the assumption pu(X) < 400 necessary?

Suppose (X, B, i) is a measure space, ;(X) = 1, and f, g: X — [0, +00] are measurable
functions satisfying f(z)g(x) > 1 for all z € X. Show that
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Let (X1, Bi, p1) and (Xa, Ba, p2) be measure spaces, p(X1), p2(X2) < 4+00. Suppose
that v, v, are finite measures defined on (X, 81) and (Xs, Bs) respectively, and v; is
absolutely continuous with respect to p;, 7 = 1,2. Show that the product measure

V1 X Vy is absolutely continuous with respect to the product measure p; X po.
Let f; = %, J = 1,2, be the densities of v; with respect to p;. Find the density
J

dvixv2) 50 terms of fj-
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Let f:[0,1] — [0, 1] be a continuous strictly increasing function such that it maps any
(Lebesgue) null set into a null set. Show that f is absolutely continuous.



